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ABSTRACT
Recent work has revealed the great value of electromechan-

ical resonators for energy harvesting and bandgap tuning in
metamaterials. However, thus far there have not been any stud-
ies of hierarchically configured resonators for energy harvesting.
This work presents a theoretical study of electromechanically
coupled resonator-based hierarchical metamaterials, focusing
on zero-order, first-order outward, and first-order inward config-
urations. The study investigates the impact of integrating resistor
shunt circuits on the band structure under weak and strong cou-
pling conditions. Additionally, it explores the influence of vari-
ations in local resonator mass on the vibration attenuation and
energy harvesting capability of the configurations. The disper-
sion relations are determined for each configuration with varying
system parameters. Furthermore, the transmissibility frequency
response functions are presented to observe vibration reduction
and energy harvesting capability. The results reveal that a hier-
archical design offers enhanced flexibility in tailoring the band
structure and stronger vibration attenuation and energy harvest-
ing. As the hierarchy level increases, there is a corresponding
increase in the number of passbands. However, it’s notewor-
thy that weak electromechanical coupling does not influence the
band structure across all hierarchy levels, while strong coupling
does. Compared to the zero-order configuration’s baseline per-
formance, both the outward and inward configurations exhibit
superior abilities in vibration suppression and energy harvest-
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ing when the total system mass is constant. Results given here
may be used for the optimal design of hierarchically configured
energy harvesters.

1 INTRODUCTION
Periodic structures are renowned for their wave-filtering

properties within a specific frequency range called the band gap.
Elastic wave dispersion of periodic structures has been exten-
sively studied over an extended period [1]. In elastic periodic
structures, Bragg scattering and local resonance are two primary
bandgap formation mechanisms [2]. Metamaterials are periodic
structures crafted from artificially designed atoms arranged ei-
ther in patterns or randomly distributed manners [3]. Atoms
of metamaterials are larger than typical atoms yet much smaller
than the wavelengths of the waves they interact with. Wave dis-
persion properties of metamaterials are dictated by the configu-
ration and properties of their respective meta-atoms.

Due to the challenges posed by the Bragg condition for
achieving low-frequency bandgaps in small-sized metamaterials,
the locally resonant mechanism was proposed by Liu et al. [4].
Coupling of metamaterials with local resonators finds applica-
tions in vibration control [2, 5], energy harvesting [6], struc-
tural protection [7], sound manipulation [8], and tunable de-
vices [9, 10]. Locally resonant metamaterials can effectively at-
tenuate vibrations by designing band gaps that align with the tar-
get frequencies, enabling selective rejection or attenuation of fre-
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quencies. Multiple numbers of local resonators, such as multiple
periodic arrays of resonators on beams [1, 11], or multiple con-
centric mass-in-mass resonators [12, 13] can achieve broad and
multi-low frequency bandgaps in elastic metamaterial beams.

Locally resonant metamaterials surpass Bragg-type
phononic crystals by offering lower frequency stopbands in the
same lattice volume, while also achieving comparable stopband
frequencies with smaller unit cell dimensions [14]. In metamate-
rials, to achieve broad, multiple, and low frequency bandgap the
techniques of multiple local resonators are employed [15–19].
The integration of localized resonators has emerged as a signif-
icant advancement in the manipulation of bandgap properties
within the context of one-dimensional elastic wave propagation.
Tailored band structures, achieved through the deployment
of localized resonator mechanisms, hold immense appeal for
various engineering applications. Numerous approaches have
been proposed to customize the wave propagation behavior in
one-dimensional mass-spring chain metamaterials [20–23].

Local resonators and negative capacitance piezoelectric
(PZT) shunting methods are used to control the band structure in
one-dimensional metamaterials [24]. The predominant approach
for controlling the band gap in metamaterials involves integrat-
ing multiple, gradient, graded, or shunted piezoelectric local res-
onators on the mass-spring chain [25–29]. The band structure of
an active elastic metamaterial incorporating a piezoelectric shunt
can be actively controlled and tuned by adjusting the negative ca-
pacitance constant of the piezoelectric resonator. Piezoelectric-
embedded local resonators have been investigated for vibration
control applications in both active and passive periodic struc-
tures [24, 30, 31]. The use of a piezoelectric patch shunted with
negative capacitance circuits for multimode damping of a beam
structure has been demonstrated, showing its efficacy for vibra-
tion attenuation [32, 33]. Moreover, experimental research has
shown that the elasticity of piezoelectric materials shunted with
negative capacitance circuits can be electrically tuned [34].

Recent studies have investigated the impact of coupling
electromechanical resonators on metamaterial-wave interactions
[35, 36]. These studies found that weakly coupled electrome-
chanical resonators with shunted circuits minimally alter wave
dispersion, resulting in slight reductions in attenuation within
the bandgap while allowing for simultaneous energy harvesting
without affecting vibration control. Notably, strong electrome-
chanical coupling can deform band structures, potentially merg-
ing acoustic and optical modes. Malla et al. further explored this
by analyzing nonlinear electromechanical metamaterials with re-
sistor and inductor shunts [37]. A triple passband structure was
observed in strongly coupled electromechanical metamaterials
featuring a single resonator coupled with resistors and inductors.
In one-dimensional mass-spring chain metamaterial research, di-
verse design strategies aim to tailor band structures. Theoretical
studies suggest hierarchical one-dimensional mass spring chain
metamaterial designs as promising solutions to control elastic

wave propagation [12, 15, 21, 25, 38].
So far, hierarchical and graded resonators without piezoelec-

tric shunted circuits have been explored for elastic wave prop-
agation offering versatile band structures. Even though recent
work has focused on utilizing metamaterials for vibration con-
trol and energy harvesting with electromechanical elements like
piezoelectric patches, there has been no study yet on hierarchical
mass-spring metamaterials integrated with piezoelectric shunt
circuits. In this study one-dimensional outward and inward hi-
erarchical configurations of mass-spring chain metamaterials are
considered. Analytical methods are employed to investigate the
band structure with piezoelectric element integrated to local res-
onators shunted with resistor circuits. The general governing
equations are derived, and the dispersion relations and displace-
ment and voltage transmissibility are presented for both config-
urations. The dispersion relations of the hierarchical configura-
tions are compared with the single resonator chain for the same
total mass. Furthermore, the possible application of inward and
outward configuration for simultaneous vibration reduction and
energy harvesting is highlighted.

2 MODELING AND SOLUTION METHODS
A schematic diagram in Fig. 1 illustrates outward and in-

ward hierarchical configurations of the system. In this setup, a
unit cell consists of N piezoelectric embedded local resonators,
each with masses denoted as m1,m2, ...,mN , arranged within the
outer mass m0. Each outer mass is then coupled to another by
a spring with stiffness, k0, to form a 1D electromechanically
coupled hierarchical metamaterial. The outward configuration
(Fig. 1(a)) arranges the resonators in parallel while the inward
configuration (Fig. 1(b)) arranges them in a nested series such
that the nth resonator is coupled to the n-1th and n+1th resonators.
Unit cells are separated by a lattice distance, L, and each res-
onator is connected to a shunt circuit with load resistance, R.
The hierarchical order of the chain is determined by N-1.

The governing equations for the jth unit cell of the outward
configuration are expressed as

m0ü( j)
0 − k0u( j−1)

0 +2k0u( j)
0 − k0u( j+1)

0 +
N

∑
n=1

mnü( j)
n = 0 (1)

mnü( j)
n − knu( j)

0 + knu( j)
n +θnv( j)

n = 0 (2)

RnCnv̇( j)
n + v( j)

n +Rnθnu̇( j)
0 −Rnθnu̇( j)

n = 0 (3)

Equations 1 and 2, define the displacement of the outer mass,
u( j)

0 , and the displacement of the nth local resonator, u( j)
n , and
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FIGURE 1: SCHEMATICS OF THE HIERARCHY: (a) OUTWARD AND (b) INWARD ELECTROMECHANICALLY COUPLED
RESONATOR SHUNTED WITH PIEZOELECTRICAL MATERIAL (PZT) CONFIGURATION

equation 3 defines the voltage across the circuit shunted to the
nth resonator, v( j)

n . Here m0 is the outer mass and mn is mass
of the nth local resonator. The stiffness of the outer spring and
spring connecting the local resonators are k0 and kn, respectively.
The nth piezoelectric element has an electromechanical coupling
coefficient θn, capacitance Cn, and circuit load resistor Rn.

Similarly, for the inward configuration, the governing equa-
tions of motion are

m0ü( j)
0 − k0u( j−1)

0 +(2k0 + k1)u
( j)
0 − k0u( j+1)

0 − k1u( j)
1 −θ1v1 = 0

(4)

mnü( j)
n − knu( j)

n−1 +(kn + kn+1)u
( j)
n − kn+1u( j)

n+1

+θnv( j)
n −θn+1v( j)

n+1 = 0 (5)

RnCnv̇( j)
n + v( j)

n +Rnθnu̇( j)
n−1 −Rnθnu̇( j)

n = 0 (6)

In equations 2, 3, 5, and 6, n ranges from 1 to N, determined by
the configuration order. For instance, N = 1 for zero-order and
N = 2 for first-order. We can assume general harmonic solutions
of the form

u( j+m)
0 = A0ei(( j+m)κ−ωt)

u( j)
n = Anei( jκ−ωt)

v( j)
n = Bnei( jκ−ωt)

to solve equations 1-6, where m is an integer
. . . ,−2,−1,0,1,2, . . ., t is time, ω is the angular frequency, and
κ is the dimensionless wavenumber.

Substituting the presumed solution will yield a frequency
wavenumber relationship used to determine the dispersion rela-
tions for these systems. The outward configuration yields

(
2k0 (1− cos(κ))−m0ω

2)A0 −
N

∑
n=1

Anmnω
2 = 0 (7)

−knA0 +
(
kn −mnω

2)An +θnBn = 0 (8)

−iωRnθnA0 + iωRnθnAn +(1− iωRnCn)Bn = 0 (9)

while the inward configuration yields

(
2k0(1− cos(κ))−m0ω

2 + k1
)

A0 − k1A1 −θ1B1 = 0 (10)

− knAn−1 +
(
kn + kn+1 −mnω

2)An − kn+1An+1

+θnBn −θn+1Bn+1 = 0 (11)

−iωRnθnAn−1 + iωRnθnAn +(1− iωRnCn)Bn = 0 (12)
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TABLE 1: MATERIAL PARAMETERS USED IN THE ANALYSIS.

Parameter m0 ω0, ω1, ω2 C1, C2 θ1, θ2 (Weak) θ1, θ2 (Strong)

Value 0.125 kg 2×105 rad/s 1.13×10−10 F 1×10−10 N/V 0.3 N/V

(a) (b)

FIGURE 2: ZERO-ORDER DISPERSION AT DIFFERENT SHUNT CIRCUIT RESISTOR LOAD FOR (a) STRONG AND (b) WEAK
COUPLING AT η = 0.75

3 WAVE DISPERSION
In this study, we will consider the zero-order (single res-

onator) case and the first-order (two resonators) case for both
inward and outward configurations. The ratio of the total res-
onators mass to the outer mass is defined as η = mr/m0 where
mr is the total resonator mass. The ratio of the nth resonator to
the total mass of the resonators is βn = mn/mr. The normalized
frequency is defined as Ω = ω/ω0, where ω0 =

√
k0/m0. The

parameters used for analysis are adopted from reference [37] and
summarized in Table 1.

FIGURE 3: THE EFFECT OF MASS RATIO, η , ON WEAKLY
COUPLED ZERO-ORDER HIERARCHY

3.1 Zero-order Configuration

The zero-order hierarchy configuration has a single elec-
tromechanical resonator, and the configuration is the same for
outward and inward systems. Figure 2 displays the wave dis-
persion characteristics of an electromechanically coupled zero-
order hierarchical metamaterial for weak and strong coupling
with varying values for the shunt circuit resistor. Notably, the
resistor demonstrates an effect in strong coupling but exhibits
negligible influence in weak coupling scenarios. In cases of
strong coupling, the resistor’s effect becomes pronounced, par-
ticularly towards the lower bound of the second passband. The
band structure is significantly affected between 103 and 104 Ω

and shows a broad band gap. These results agree well with pre-
vious work [35]. Similar results obtained at other values of the
mass ratio, η , reveal these trends to be valid regardless of mass
ratio.

The graph in Fig. 3, illustrates the influence of the resonator
mass ratio, η , on the wave dispersion phenomena of weakly cou-
pled zero-order hierarchy with a shunt circuit resistance of 104Ω .
Unless otherwise explicitly stated, all the effects of the resonator
mass ratio are examined with a shunt circuit resistor 104Ω. Since
strongly coupled systems lack engineering applications [39], the
effect of mass ratio is exclusively examined here within weakly
coupled systems. The width of the band gap is proportional to the
value of η , with the band gap width increasing as η increases.
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(a) (b)

(c) (d)

FIGURE 4: THE EFFECTS OF SHUNT CIRCUIT RESISTORS ARE INVESTIGATED ACROSS VARIOUS CONFIGURA-
TIONS: (a) STRONGLY COUPLED OUTWARD CONFIGURATION, (b) WEAKLY COUPLED OUTWARD CONFIGURATION,
(c) STRONGLY INWARD CONFIGURATION, AND (d) WEAKLY COUPLED INWARD CONFIGURATION AT β1 = 0.5

3.2 First-order Configuration
The first-order hierarchy contains two electromechanical

resonators. The resonator mass and stiffness parameters are
m1 = ηβ1m0, m2 = η(1− β1)m0, and k1 = k2 = 4e10mr. The
electromechanical parameters remain the same as before. For
this analysis, the total resonator mass is kept constant. More em-
phasis is instead given to the effect of resonator masses relative
to one another through β1.

The wave dispersion of the first-order configuration at β1 =
0.5 is given in Fig. 4 for both inward and outward configura-
tions. These demonstrate the effects of different shunt circuit
resistor values on the band structures. The plots show the re-
lationship between normalized frequency and normalized wave
number, where the influence of the shunt circuit resistor appears
to be analogous to that observed in the zero-order configuration.
The variation of the shunt circuit resistor has a noticeable impact
in the case of strong coupling, as evidenced in Figs. 4 (a) and (c),
whereas it exhibits no significant effect on the band structures for
the weakly coupled system, as shown in Figs. 4 (b) and (d). This

highlights how the coupling strength can dictate the sensitivity
of the system’s band structure to changes in the shunt resistor
values.

Strong coupling substantially impacts the second and third
passbands for both the outward and inward configurations. While
the effect on the first passband at low frequencies is almost negli-
gible, there is a pronounced influence on the first passband during
high-frequency propagation. The variation in the shunt circuit re-
sistor does not significantly affect the band structure in a weakly
coupled electromechanical system.

3.3 Effect of Resonator Mass Ratios
This section delves into the impact of the resonator mass

ratios β1 and η on the band structure for both first-order outward
and inward configurations. The effect of β1 can be seen in Fig.
5(a) and (c), and the effect of η is shown in Fig. 5(b) and (d). To
isolate individual effects, η is kept constant at η = 0.75 when β1
is varied, and β1 is kept constant at β1 = 0.85 when η is varied.
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(a) (b)

(c) (d)

FIGURE 5: FIRST-ORDER WEAKLY COUPLED DISPERSION OBSERVED AT DIFFERENT MASS RATIOS (β1 AND η) IN (a)
AND (b) FOR OUTWARD CONFIGURATION, AND IN (c) AND (d) FOR INWARD CONFIGURATION

For both inward and outward configurations, the resonator mass
has a considerable influence on the band structure. Decreasing
the first resonator mass ratio, β1, to a smaller value affects the
third passband frequency magnitude and shape. At a reduced
value of β1 , this passband tends to appear as an almost flat band,
propagating at elevated frequencies, as illustrated in Fig. 5 (a)
and (c) with β1 = 0.1. On the other hand, increasing the value
of β1 up to β1 = 0.5 reduces the width of the second band gap
for both configurations and the width of the first bandgap for the
outward configuration.

As shown in Fig. 5, for normalized frequencies below 0.5,
the first passband is not strongly affected by variations in β1 in ei-
ther configuration. However, the upper limit of the first passband
frequency increases with the resonator mass ratio up to 0.5.

For the outward configuration, the trends in the band struc-
ture are symmetric about β1=0.5 since, in this configuration, the
distinction between m1 and m2 is arbitrary. When β1 = 0.5, the
resonators have the same mass, and the second passband of the
outward configuration becomes flat with zero width. In addition,

this passband is independent of η . However as β1 approaches 0
or 1, the second passband regains its shape, increasing in width,
and the third passband becomes flatter and moves to a higher fre-
quency.

In the case of the inward configuration, this symmetry is not
present. As β1 approaches and exceeds 0.5, the upper limit of
the first passband continues to increase. When β1 approaches 0.5
from below, the second passband becomes narrower. When the
value of β1 exceeds 0.5, the second passband stops shrinking but
shifts upward in frequency. The third passband is at its lowest
frequency range when β1 = 0.5, with increasing frequency for
higher or lower values of β1. However, this is not symmetric,
and values less than 0.5 produce a higher frequency range for the
third band than values above 0.5.

With the total mass of the resonator being constant, the
bandgap width for the zero-order system remains narrow com-
pared to either first-order system. For the outward configura-
tion, the total bandgap width decreases as β1 approaches 0.5.
At β1 = 0.5 however, if the second passband with zero width
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is neglected, then the outward configuration produces a single
ultra-wide bandgap. It will be shown in the next section that this
assumption is valid. For the inward configuration, the first band
gap increases with β1 with a maximum width at β1 = 1. The sec-
ond band gap however is maximized at very low β1 values. In
general, the outward configuration provides slightly wider total
band gap width than the inward configuration except for at very
low values of β1. However, for β1 > 0.5, the inward configura-
tion produces wider low-frequency bandgaps.

The first-order hierarchical system responds very sensitively
to changes in η . For both outward and inward first-order de-
signs, increasing η leads to a wider overall bandgap (Figure 5(b)
and (d)). The third passband frequency magnitude in the out-
ward configuration (Figure 5(b)) increases with η , resulting in a
broad second bandgap. The passband frequency range increases
as well. However, at a lower value of β1 increasing the value
of η beyond 1, the third passband diminishes in width but still
propagates at raised frequency. At higher values of β1 (above
0.85), the first and second passband of outward configuration re-
veals a similar dispersion nature as the zero-order system. Thus,
at a larger value of η the outward configuration provides a broad
first bandgap. It is again interesting to note that for the outward
configuration, at β1 = 0.5, the flat second passband remains fixed
and is independent of variations in η .

The first and second passbands of the inward configuration,
depicted in Figure 5(d), demonstrate an identical reaction to the
zero-order configuration for disparity of η . As the value of η

moves further away from 1, the width of the second passband
will become very small if β1 is greater than 0.5. For a higher
η value its width increases if β1 is becoming less than 0.5. The
third passband propagates at a higher frequency as η increases.
When β1 is less than 0.5, the third passband width grows. On
the other hand, when β1 is larger than 0.5, its passband width
decreases.

Irrespective of hierarchies, η has a compressing effect on
the upper limits of the first passband as it increases. This effect
increases width of the first bandgap.

4 TRANSMISSIBILITY
In this section, the strength of vibration attenuation and en-

ergy harvesting are determined for each configuration through
the frequency response of the outermost cell displacement and
voltage across each shunt circuit. The transmissibility determina-
tion is based on comparing the amplitude of outer mass displace-
ment to the amplitude of excitation force in the weakly coupled
system using the transfer function method.

The outer mass displacement transmissibility of a unit cell
is shown in Fig. 6 as a function of normalized frequency for
each configuration with multiple β1 values. The zero-order con-
figuration features two peaks and one valley. However, owing
to the hierarchical structure, the first-order configurations exhibit

three peaks and two valleys. For β1 = 0.15, shown in Fig. 6(a),
both the inward and outward configurations have a narrower first
bandgap than the zero-order configuration with comparable at-
tenuation levels. However, they both surpass the zero-order con-
figuration in their second bandgap range with the outward con-
figuration yielding the strongest attenuation in this range. The
inward configuration maintains its behavior when β1 = 0.5 (Fig.
6(b)), maintaining a narrower and shallower first bandgap than
the zero-order configuration but showing stronger attenuation in
the range of its second bandgap. At this point, the outward con-
figuration hosts a single band gap that is significantly wider and
deeper than both of the other cases. The outward configuration
at β1 = 0.5 contains two peaks. Because the electromechani-
cal resonators have equal masses, the two peaks triggered by lo-
cal electromechanical resonators come together. As β1 increases
to β1 = 0.85, shown in Fig. 6(c), all three configurations be-
come very comparable within the range of the first bandgap. Be-
yond the second resonant peak, only the outward configuration
shows significant vibration attenuation. In general, the outward
configuration tends to provide the strongest vibration attenuation
of the three configurations with the lowest displacement trans-
missibility. Meanwhile, the inward configuration does not show
much improvement over the zero-order configuration except for
at higher frequencies.

The voltage transmissibilities of the circuits shunted to the
first and second resonators are plotted in Fig. 7 at β1 = 0.15.
Voltage harvested from the zero-order configuration displays two
peaks without any considerable voltage output decline. However,
for the first-order configuration, there are notable drops in volt-
age output at specific frequencies. Within the inward configura-
tion in Fig. 7 (a), a voltage drop is noticeable only within the first
circuit. Nonetheless, this drop extends across a broad frequency
range, thereby substantially impacting the overall harvested en-
ergy. In contrast, the outward configuration demonstrates voltage
drops in both the first and second circuits, albeit limited to a short
frequency range for each circuit.

To better compare the total energy harvested by each con-
figuration, Fig. 8 plots the voltage output from the zero-order
configuration alongside the summed voltage output from both
circuits in each first-order configuration. The total voltage trans-
missibility trend remains consistent for all β1. Generally, the out-
ward configuration demonstrates superior voltage output com-
pared to both the zero-order and inward configurations across a
wide range of frequency spectrum, as shown in Fig. 8 (a)-(c). For
β1 = 0.5, the total voltage transmissibility, as depicted in Fig. 8
(b), show off two peaks with relatively higher peak values.

However, when analyzing the total voltage transmissibility
curves within specific frequency ranges, it becomes apparent that
the inward configuration produces a higher voltage than the out-
ward configuration, as evidenced by the pink-colored circles in
Fig. 8 (a). When the value of β1 reaches 0.45 shown in Fig.
8 (c), the inward configuration demonstrates a notably superior
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(a) (b) (c)

FIGURE 6: DISPLACEMENT TRANSMISSIBILITY OF OUTER MASS AT η = 0.75 AND (a) β1 = 0.15, (b) β1 = 0.5, AND (c)
β1 = 0.85.

Inward and outward 

configurations 

voltage output drop

(a)

Outward 

configuration

voltage output drop

(b)

FIGURE 7: HARVESTED VOLTAGE TRANSMISSIBILITY OF (a) FIRST CIRCUIT AND (b) SECOND CIRCUIT AT η = 0.75
AND β1 = 0.15.

(a) (b) (c)

FIGURE 8: TOTAL VOLTAGE TRANSMISSIBILITY AT η = 0.75 AND (a) β1 = 0.35, (b) β1 = 0.5, AND (c) β1 = 0.45

voltage output within a relatively broad range of normalized fre-
quencies, spanning from 1.21 to 1.83. During this scenario, the
inward configuration becomes capable of yielding a total peak
voltage output of 2.29e−4 V/N.

Finally, the mean voltage output is examined to draw a com-
prehensive conclusion, as depicted in Fig. 9. This graph presents

the relation of mean voltage output and β1 for η = 0.75. Deter-
mination of the mean voltage output considers the system is op-
erating over the entire passband frequency range from 0≤Ω≤ 3.
Then the sum of first and second circuit voltage output is taken
to get the total voltage output of the system. The mean voltage
output was generated by averaging the total voltage output across
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FIGURE 9: COMPARISON OF MEAN VOLTAGE OUT-
PUT TRANSMISSIBILITY BETWEEN ZERO AND FIRST-
ORDER CONFIGURATIONS FOR THE SAME TOTAL MASS
OF 1.75m0.

all data points. It illustrates, as shown in Fig. 9, the typical dom-
inance of the outward configuration in harvesting energy over
both the zero-order and inward configurations. However, this
trend undergoes a reversal at the specific setup where the first
resonator mass to the total mass ratio equals 0.45. Importantly,
both configurations show improved energy harvesting over the
traditional zero-order configuration.

5 CONCLUSION
This study explores the influence of incorporating shunt cir-

cuits on the band structure of hierarchical metamaterials and the
effectiveness of these configurations for simultaneous vibration
attenuation and energy harvesting. The band structures of elec-
tromechanically coupled zero-order, outward, and inward first-
order hierarchies were examined for applications in vibration
suppression and energy harvesting. The first-order hierarchy fea-
tures three passbands, whereas the zero-order configuration has
two passbands. Consequently, increasing the hierarchy enhances
the number of passbands and band gaps, providing greater flexi-
bility in adjusting the band structure through hierarchical design.
Weak electromechanical coupling shows no impact on the dis-
persion relations for any configuration while stronger coupling
produces a dependence on the circuit resistance.

When considering simultaneous vibration attenuation and
energy harvesting, both hierarchical configurations demonstrate
superior performance in both areas compared to the zero-order
configuration with the same total mass. The hierarchical con-
figurations display wider bandgaps and harvest more energy. In
general, the outward configuration performs better than the in-
ward configuration with deeper vibration attenuation and more
energy harvested over wider frequency ranges. Although, the
inward configuration is more versatile and can be designed to
outperform the outward configuration at specific operation fre-
quencies. Through proper design of either inward or outward
configurations, more effective and lightweight energy harvesting
is possible.
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